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contradiction. From Eqs. (6) and (13), respectively, it is seen
that the gage function of the leading term in the outer
expansion would be v2 and that the gage functions of the terms
a2(/>2, a3</>3, and a4</>4, of the inner expansion expressed in outer
variables would be greater than v2.

A direct comparison of the present results and those of Ref. 3
can be made for the intermediate case. It can be seen from
Eq. (29) that the radial derivative of <p can be written in outer
variables near the limit r -» 0 as

(30
The right side of this equation can be compared with the right
side of Eq. (19) in Ref. 3. It can be seen that, in addition to the
doublet due to lift and source due to thickness obtained in

Ref. 3, the present results show a source which depends on the
lift distribution function/(x) (and hence the planform shape).
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Technical Comments.
Comment on "Discrete Element

Idealization of an Incompressible Liquid
for Vibration Analysis" and "Discrete

Element Structural Theory of Fluids"

ROBERT D. COOK*
University of Wisconsin, Madison, Wis.

Nomenclature
f = vector of x, y, z displacements, f = {uvw}
q = vector of .x, y, z nodal point displacements
ff = engineering stresses, a = {ax ay oz ixy iyz -czx}
e = engineering strains, e = {£xByezyxyyyzygx}
sv = volumetric strain, £v = sx + ey + ez
N = shape function matrix, f = Nq
N3 = third row of N, w = N3q
B = strain-displacement matrix, £ = Bq
D = volumetric strain-displacement matrix, sv = Dq, D — Bt +

B2 + B3
C = stress-strain rate matrix, <r = Ce
K = bulk modulus
\i = dynamic coefficient of viscosity
p = mass density of fluid
g = acceleration of gravity (down is — z direction)
S — surface tension of fluid
L = Lagrangian, kinetic minus potential energy
£V — boundary of fluid element of volume V
k = unit vector in upward (+ z) direction
n = outwardly directed unit normal to element
a) = circular frequency of sloshing, rad/sec

TWO recent papers1'2 discuss a "structural theory" of fluids.
A finite element solution which resembles that used in solid

mechanics is developed, using physical reasoning and intuition
to account for the effects of sloshing, surface tension, etc. In
the present Comment this formulation is placed on a theoretical
foundation, thus providing further insight and opening the way
toward use of a variety of finite element models. The following
is expressed in the usual finite-element notation3 and presumes
use of assumed displacement fields.

The development is based on Lagrange's equations, which are4

^+^ = Qi (1)
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where Qt is an externally applied force and F is a dissipation
function to be considered later. For a fluid region (or element)
of volume V we have

(2)

where a comma denotes partial differentiation. The four integrals
in Eq. (2) are explained as follows. The first represents kinetic
energy. The second represents the potential of fluid elevated by
sloshing, and is explained by noting that vertical displacement
w of the element boundaries causes infinitesimal weights
gpw dx dy to have their mass centers raised an amount w/2. In
this expression dx dy is the horizontal projection k • n dA of an
area dA of the element boundary. The same force gpwdxdy is
produced by a Winkler foundation of modulus pg, thus the
integral might be viewed as energy stored by an elastic
foundation. The third integral in Eq. (2) represents energy
stored by volume change.4 The last integral represents the
potential of surface tension, derived by considering the constant
force S acting through distances produced by surface waves.
For example, with dw/dx small the x direction distance is(l\^Jd™1 + l J~JoL \dx
With definitions given in the Nomenclature, Eqs. (1) and (2) yield
Jvol PNTN dVq + ( Jsurface S(N3/N3iJe + N3./N3i,) dA +

$?vgpN3
TN3k-ndA + $volDTKDdV)q = Q (4)

The coefficient of q is the familiar mass matrix.3 The integral
involving 5 is a surface tension stiffness matrix; in form it
resembles an initial stress or geometric stiffness matrix.3 The
integral involving pg is the slosh stiffness matrix of Ref. 2. If p
is constant the contributions from adjacent elements cancel at
submerged nodes and the slosh stiffness matrix couples only the
surface nodes. In other words, vertical displacement of submerged
fluid contributes nothing to slosh stiffness if it is merely
replaced by other fluid of the same density. The final integral
in Eq. (4) is the compressibility stiffness matrix. If the fluid is
incompressible the constraint equation

eK = JvoiDqdK = 0 (5)
is written for each element, thus eliminating many degrees of
freedom.2

Viscous effects were not considered by Hunt1'2 but may be
included as follows. The dissipation function is4
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T Fig. 1 One-element model for sample fluid
sloshing problem.

(6)
where C is a symmetric matrix with nonzero terms Cl 1 = C22 —
£33 = 4/1/3, C12 = C13 = C23 = - 2/1/3 and C44 = C5^ =
C66 = }i. Thus, according to Eq. (1), the integral in Eq. (6) is a
damping matrix and appears on the left hand side of Eq. (4).
The same result is obtained if the left-hand side of Eq. (4) is
augmented by the initial-stress matrix3

(7)
As an example, consider plane motion in a rectangular tank

of fluid, Fig. 1. Let the thickness be one unit and p constant.
The fluid is modeled by a single linear element having four
corner nodes.3 The only nonzero nodal freedoms are H^ and
w2, hence the displacement field is

w = (z/JO[(x/6)Wl + (1 -x//>)w2] (8)
Equations (4, 6, and 8) yield

phbV2 1
T8~Ll 2

fs

2b2-3h2

9hb_2b2-3h2

= Q (9)

For harmonic motion of an incompressible fluid, wx = — w2 =
a sin cot and w^ = — w2 = — aco2 sin cot. Let us set ILL = S = Q = 0
and h = 3b/2. The solution of the eigenvalue problem is
co2 = 3.000//Z. For the same problem, using six elements of a
different type, Ref. 2 obtains co2 = 3A6g/h. The exact solution,
Eq. (10) of Ref. 2, is co2 = 4.7lg/h.

A better fit to actual surface waves is achieved by use of the
same cubic as used for beam elements. Linear edge displace-
ments may be retained for submerged element boundaries.
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Errata

E

Eigenvalues and Eigenvectors for
Solutions to the Radiative

Transport Equation
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[AIAAJ. 10, 973-976(1972)]

QUATION (23) should read
p/2

(1)

instead of
P/2 C _

I^
7=2

•i)e~^} (2)
The reason for this modification is because of the change in

the form of the eigenvectors associated with the repeated
eigenvalue Aj = Ap = 0. The general solution of Eq. (2), p. 974,
is given by Eq. (21). However, in order to provide two linearly
independent solutions for the repeated eigenvalue, Eq. (21)
becomes
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P i
Z Cj

j=2
(3)

where the exponentials outside of the summation are equal to
unity since ̂  = xp = 0. The constants q and cp are integration
constants and vn and vip are the rth components of the first and
pth eigenvectors. Now for A t = 0, Eq. (20) is valid for determining
viv which yields

z;I.1 = [(l-/1x1)/(l+/l1xl.)]i;pl, i = l , . . . .p (4)
Since (as shown before) vpl is arbitrary, choose vpl = 1 and then
because ̂  = 0, Eq. (4) yields

!>„=! , i = l , : . . , p (5 )

Now to determine the second "independent" eigenvector
associated with the repeated eigenvalue, a special procedure1

must be used. The eigenvector for the repeated eigenvalue
(hp = 0) must satisfy

Note vtl is determined by a similar expression except the right-
hand side of Eq. (6) would be zero and subscript p would be
replaced by subscript 1. Observing that vn = 1, substituting for
Btj (W = 1.0) from Eq. (3), p. 974, and simplifying the algebra,
Eq. (6) becomes

(7)
j^i

Now for the pth eigenvector, subtract the (p+ l — k)th equation
from the other p— 1 equations. Then all the equations except the
(p+ 1 — /c)th equation become

but since Ap = 0, this yields
i>,-n = vnv i P - " p + i - f c (9)
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